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Abstract: In this work, the perturbative QCD series of the scalar correlation function
Ψ(s) is investigated. Besides ImΨ(s), which is relevant for Higgs decay into quarks, two
other physical correlators, Ψ
′′
(s) and DL(s), have been employed in QCD applications like
quark mass determinations or hadronic τ decays. DL(s) suffers from large higher-order
corrections and, by resorting to the large-β0 approximation, it is shown that this is related
to a spurious renormalon ambiguity at u = 1. Hence, this correlator should be avoided
in phenomenological analyses. Moreover, it turns out advantageous to express the quark
mass factor, introduced to make the scalar current renormalisation group invariant, in
terms of the renormalisation invariant quark mass m̂q. To further study the behaviour of
the perturbative expansion, we introduce a QCD coupling α̂s, whose running is explicitly
renormalisation scheme independent. The scheme dependence of α̂s is parametrised by a
single parameter C, being related to transformations of the QCD scale parameter Λ. It
is demonstrated that appropriate choices of C lead to a substantial improvement in the
behaviour of the perturbative series for Ψ
′′
(s) and ImΨ(s).
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1 Introduction
The scalar correlation function in QCD plays an important role, as it governs the decay
of the Higgs into quark-antiquark pairs, and it has been employed in determinations of
quark masses from QCD sum rules as well as hadronic decays of the τ lepton. Presently,
the perturbative expansion for the scalar correlator is known analytically up to order α4s
in the strong coupling [1–3], and estimates of the next, fifth order have been attempted in
the literature. While the decay of the Higgs boson into quark-antiquark pairs is connected
to the imaginary part of the scalar correlator Ψ(s) [4], two other physical correlators,
Ψ
′′
(s) and DL(s), have been utilised in QCD sum rule analyses, the former in quark mass
extractions [5, 6] and the latter in hadronic τ decays [7–9]. In this work we shall investigate
the perturbative series of all three.
In order to achieve reliable error estimates of missing higher orders in QCD predictions,
a better understanding of the perturbative behaviour of the scalar correlator at high orders
is desirable. Work along those lines has been performed in ref. [10], where the scalar
correlation function has been calculated in the large-Nf approximation [11, 12], or relatedly
the large-β0 approximation [13] (for a review see [14]), to all orders in the strong coupling.
1
However, as will be discussed in more detail below, the large-β0 approximation does not
provide a satisfactory representation of the scalar correlator in full QCD. Still, as will be
1For historical reasons, we shall speak about the “large-β0” approximation, although in the notation
employed in this work, the leading coefficient of the β-function is termed β1.
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demonstrated, it can serve as a guideline to shed light on the general structure of the scalar
correlation function.
Furthermore, while large QCD corrections are found in the case of the correlator DL(s),
the corrections are substantially smaller for ImΨ(s) and Ψ
′′
(s). In the large-β0 approxi-
mation this observation can be traced back to the presence of a spurious renormalon pole
in the Borel transform at u = 1 for DL(s), whereas Ψ
′′
(s) and ImΨ(s) are free from this
contribution. We discuss the origin of the additional renormalon pole and its implications,
but at any rate conclude that, in view of this fact, the correlator DL(s) should be avoided
in phenomenological analyses.
Additionally, the large-β0 approximation motivates a strategy in order to improve
the perturbative expansion. The structure of the Borel transform in the large-β0 limit
suggests the introduction of a renormalisation scheme invariant QCD coupling α̂s, which
underlines the scheme invariance of the perturbative term for the physical quantities under
investigation. In fact, all contributions of infrared (IR) and ultraviolet (UV) renormalons
individually are scheme independent. It is then found that higher-order corrections tend
to become smaller when re-expressing the perturbative series in terms of the coupling α̂s.
One reason for this behaviour appears to be that part of the perturbative corrections are
resummed into a global prefactor αδs which is present for the scalar correlator.
In full QCD, the construction of a scheme-invariant coupling does not appear to be
possible, at least in a universal sense, independent of any observable. Nonetheless, we
are able to provide the definition of a QCD coupling, which we also term α̂s, and whose
running is scheme independent and described by a simple β-function, only depending on the
coefficients β1 and β2. Different schemes can then be parametrised by a single parameter
C, which corresponds to transformations of the QCD scale parameter Λ. By investigating
two phenomenological applications, the correlator Ψ
′′
(s) at the τ mass scale and ImΨ(s) for
Higgs decay to quarks, we show that employing the coupling α̂s and choosing appropriate
schemes by varying the parameter C, the behaviour of the perturbative series can be
substantially improved.
Our article is organised as follows: in section 2, theoretical expressions for the scalar
correlation function Ψ(s) and the corresponding physical correlators ImΨ(s), Ψ
′′
(s) and
DL(s) are collected, and the present knowledge on the perturbative expansions is sum-
marised. Furthermore, the renormalisation group invariant quark mass m̂q is introduced,
and the correlators are rewritten in terms of this mass definition. In section 3, we review
the results of ref. [10] on the scalar correlation function in the large-β0 approximation and
apply them to a discussion of the correlators Ψ
′′
(s) and DL(s). Next, in section 4, we
define the coupling α̂s, and compute its β-function as well as the perturbative relation to
αs in the MS scheme. Finally, in section 5, two phenomenological applications, Ψ
′′
(s) at
the τ mass scale and ImΨ(s) for Higgs decay, are investigated, and followed by our con-
clusions in section 6. More technical material like the coefficients of the renormalisation
group functions, higher-order coefficients relevant for the large-β0 approximation, as well
as a discussion of the subtraction constant Ψ(0), are relegated to appendices.
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2 The scalar two-point correlator
The following work shall be concerned with the scalar two-point correlation function Ψ(p2)
which is defined by
Ψ(p2) ≡ i
∫
dx eipx〈Ω|T{j(x)j†(0)}|Ω〉 . (2.1)
The non-perturbative, full QCD vacuum is denoted by |Ω〉. For our two applications, the
scalar current j(x) is chosen to arise either from the divergence of the normal-ordered
vector current,
j(x) = ∂µ : u¯(x)γµs(x) : = i (mu −ms) : u¯(x)s(x) : , (2.2)
or the interaction of the Higgs boson with quarks,
j(x) = mq : q¯(x)q(x) : . (2.3)
These choices have the advantage of an additional factor of the quark masses, which makes
the currents j(x) renormalisation group invariant (RGI). Furthermore, the first current is
taken to be flavour non-diagonal, with a particular flavour content that plays a role in
hadronic τ decays to strange final states.2
The purely perturbative expansion of Ψ(p2) is known up to order α4s [1] and takes the
general form
ΨPT(s) = − Nc
8pi2
m2µ s
∞∑
n=0
anµ
n+1∑
k=0
dn,kL
k , (2.4)
where s ≡ p2 and aµ ≡ αs(µ)/pi. To simplify the notation, we have introduced the generic
mass factor mµ which either stands for the combination (mu(µ)−ms(µ)) or mq(µ).3 The
running quark masses and the QCD coupling are renormalised at the scale µ, which enters
in L ≡ ln(−s/µ2). As a matter of principle, different scales could be introduced for the
renormalisation of coupling and quark masses, but for simplicity, we refrain from this choice.
Below, this option will, however, be discussed in relation to renormalisation schemes.
At each perturbative order n, the only independent coefficients dn,k are the dn,1. The
coefficients dn,0 depend on the renormalisation prescription and do not contribute in phys-
ical quantities, while all remaining coefficients dn,k with k > 1 can be obtained by means of
the renormalisation group equation (RGE). The normalisation in eq. (2.4) is chosen such
that d0,1 = 1. Setting the number of colours Nc = 3, and employing the MS-scheme [15],
after tremendous efforts the coefficients dn,1 up to O(α4s) were found to be [1–3]:
d0,1 = 1 , d1,1 =
17
3 , d2,1 =
10801
144 − 392 ζ3 +
(
− 6524 + 23ζ3
)
Nf (2.5)
d3,1 =
6163613
5184 − 109735216 ζ3 + 81512 ζ5 +
(
− 46147486 + 2629 ζ3 − 56ζ4 − 259 ζ5
)
Nf +
(
15511
11664 − 13ζ3
)
N2f
2The (u¯d) flavour content that also arises in hadronic τ decays is obtained by simply replacing the
strange with a down quark.
3In the case of a flavour non-diagonal current, the so-called singlet-diagram contributions are absent,
and the perturbative expansion equally applies to the pseudoscalar correlator, up to a replacement of the
mass factor (mu −ms) by (mu +ms).
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d4,1 =
10811054729
497664 − 3887351324 ζ3 + 458425432 ζ23 + 26518 ζ4 + 373975432 ζ5 − 137532 ζ6 − 178045768 ζ7
+
(
− 1045811915373248 + 57471855184 ζ3 − 95516 ζ23 − 9131576 ζ4 + 41215432 ζ5 + 2875288 ζ6 + 66572 ζ7
)
Nf
+
(
220313525
2239488 − 11875432 ζ3 + 56ζ23 + 2596ζ4 − 5015432 ζ5
)
N2f +
(
− 520771559872 + 65432ζ3 + 1144ζ4 + 518ζ5
)
N3f .
For future reference, at Nf = 3, numerically, the respective coefficients take the values
d1,1 = 5.6667 , d2,1 = 45.846 , d3,1 = 465.85 , d4,1 = 5588.7 . (2.6)
The caseNf = 5, relevant for Higgs boson decay, will be considered in the phenomenological
applications of section 5.
As indicated above, the correlator Ψ(s) itself is not related to a measurable quantity.
Since it grows linearly with s as s tends to infinity, it satisfies a dispersion relation with
two subtraction constants,
Ψ(s) = Ψ(0) + sΨ
′
(0) + s2
∞∫
0
ρ(s′)
(s′)2(s′ − s− i0) ds
′ , (2.7)
where ρ(s) ≡ ImΨ(s+i0)/pi is the scalar spectral function. Hence, a possibility to construct
a physical quantity other than the spectral function itself, which will be discussed further
down below, is to employ the second derivative of Ψ(s) with respect to s. Since the
two derivatives remove the two unphysical subtractions, Ψ
′′
(s) is then only related to the
spectral function. The corresponding dispersion relation reads
Ψ
′′
(s) = 2
∞∫
0
ρ(s′)
(s′ − s− i0)3 ds
′ , (2.8)
and the general perturbative expansion is
Ψ
′′
PT(s) = −
Nc
8pi2
m2µ
s
∞∑
n=0
anµ
n+1∑
k=1
dn,k k
[
Lk−1 + (k − 1)Lk−2] . (2.9)
Being a physical quantity, Ψ
′′
(s) satisfies a homogeneous RGE, and therefore the logarithms
can be resummed with the particular scale choice µ2 = −s ≡ Q2, leading to the compact
expression
Ψ
′′
PT(Q
2) =
Nc
8pi2
m2Q
Q2
{
1 +
∞∑
n=1
(dn,1 + 2dn,2) a
n
Q
}
. (2.10)
In this way, both the running quark mass as well as the running QCD coupling are to be
evaluated at the renormalisation scale Q. The dependent coefficients dn,2 can be calculated
from the RGE. They are collected in appendix A, together with the coefficients of the QCD
β-function and mass anomalous dimension. Numerically, at Nf = 3, the perturbative
coefficients d
′′
n,1 ≡ dn,1 + 2dn,2 of eq. (2.10) take the values
d
′′
1,1 = 3.6667 , d
′′
2,1 = 14.179 , d
′′
3,1 = 77.368 , d
′′
4,1 = 511.83 . (2.11)
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It is observed that the coefficients (2.11) for the physical correlator are substantially smaller
than the dn,1 of eq. (2.6).
For the ensuing discussion it will be advantageous to remove the running effects of the
quark mass from the remaining perturbative series. This can be achieved by rewriting the
running quark masses mq(µ) in terms of RGI quark masses m̂q which are defined through
the relation
mq(µ) ≡ m̂q [αs(µ)]γ
(1)
m /β1 exp
{ aµ∫
0
da
[
γm(a)
β(a)
− γ
(1)
m
β1a
]}
. (2.12)
Accordingly, we define a modified perturbative expansion with new coefficients rn,
Ψ
′′
PT(Q
2) =
Nc
8pi2
m̂2
Q2
[αs(Q)]
2γ
(1)
m /β1
{
1 +
∞∑
n=1
rn a
n
Q
}
, (2.13)
which now contain contributions from the exponential factor in eq. (2.12). At Nf = 3 the
coefficients rn take the numerical values
r1 = 5.4568 , r2 = 24.287 , r3 = 122.10 , r4 = 748.09 . (2.14)
The order α4s coefficient r4 depends on quark-mass anomalous dimensions as well as β-
function coefficients up to five-loops which for the convenience of the reader in our conven-
tions have been collected in appendix A.
As a second observable, we discuss the imaginary part of the scalar correlator ImΨ(s).
After resumming the logarithms with the scale choice µ2 = s ≡M2, its general perturbative
expansion reads
ImΨPT(s+ i0) =
Nc
8pi
m2M s
∞∑
n=0
anM
[n/2]∑
l=0
dn,2l+1 (ipi)
2l (2.15)
=
Nc
8pi
m2M s
[
1 + 5.6667 aM + 31.864 a
2
M + 89.156 a
3
M − 536.84 a4M + . . .
]
.
In the first line, [x] denotes the integer value of x, and in the second line, the numerics
has again been provided for Nf = 3. We remark that in the MS scheme the fourth order
coefficient turns out to be negative. However, this does not necessarily imply an onset
of the dominance of UV renormalons, since the (ipi)2l terms give a large contribution
and contribute to the sign change. Also for the imaginary part, we introduce a modified
perturbative series which results from rewriting the mass factor in terms of the invariant
quark mass. This yields
ImΨPT(s+ i0) =
Nc
8pi
m̂2 s [αs(M)]
2γ
(1)
m /β1
{
1 +
∞∑
n=1
r¯n a
n
M
}
. (2.16)
At Nf = 3, this time the coefficients r¯n assume the values
r¯1 = 7.4568 , r¯2 = 45.552 , r¯3 = 172.64 , r¯4 = − 204.09 . (2.17)
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Besides Ψ
′′
(s) and ImΨ(s), in addition, below another physical quantity shall be in-
vestigated, which is closer to the correlation functions arising in hadronic τ decays. To this
end, consider the general decomposition of the vector correlation function into transversal
(T ) and longitudinal (L) correlators:
Πµν(p) ≡ i
∫
dx eipx〈Ω|T{jµ(x)j†ν(0)}|Ω〉 = (pµpν − gµνp2) ΠT (p2) + pµpν ΠL(p2)
= (pµpν − gµνp2) ΠT+L(p2) + gµνp2 ΠL(p2) , (2.18)
where jµ(x) = : u¯(x)γµs(x) : . The correlators of the decomposition in the second line,
ΠT+L(s) and ΠL(s) are free of kinematical singularities and thus should be employed in
phenomenological analyses. Next, the longitudinal correlator ΠL(s) is related to the scalar
correlation function via
ΠL(s) =
1
s2
[ Ψ(s)−Ψ(0) ] . (2.19)
Eq. (2.19) suggests to define a third physical quantity DL(s) by [7–9]
DL(s) ≡ − s d
ds
[
sΠL(s)
]
=
1
s
[ Ψ(s)−Ψ(0) ]−Ψ′(s) . (2.20)
Employing eqs. (2.19) and (2.20), together with the expansion (2.4), the general form
of the perturbative expansion for DL(Q2) reads
DLPT(s) = −
Nc
8pi2
m2µ
∞∑
n=0
anµ
n+1∑
k=1
k dn,kL
k−1 . (2.21)
Comparing eq. (2.21) to the corresponding expression for the Adler function [16], one
observes that up to the global prefactor – which however depends on the scale dependent
quark mass – they are completely equivalent. Being a physical quantity, also DL(s) satisfies
a homogeneous RGE, and thus again the logarithms in eq. (2.21) can be resummed with
the scale choice µ2 = −s = Q2, leading to the simple expression
DLPT(Q
2) = − Nc
8pi2
m2Q
∞∑
n=0
dn,1 a
n
Q . (2.22)
From eq. (2.22) it is again apparent that the only physically relevant coefficients are the
dn,1. All the rest is encoded in running coupling and quark masses. However, as only
the dn,1 enter, the perturbative behaviour of D
L(s) is substantially worse than that of the
correlator Ψ
′′
(s). We shall shed further light on this observation in the next section.
In analogy to eqs. (2.13) and (2.16), we can define a new expansion by rewriting the
running quark mass in terms of the RGI one. The corresponding general perturbative
expansion for DL(Q2) reads
DLPT(Q
2) = − Nc
8pi2
m̂2 [αs(Q)]
2γ
(1)
m /β1
{
1 +
∞∑
n=1
r˜na
n
Q
}
, (2.23)
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which defines the coefficients r˜n. Numerically, at Nf = 3, the r˜n are found to be
r˜1 = 7.4568 , r˜2 = 59.534 , r˜3 = 574.36 , r˜4 = 6645.3 . (2.24)
As the next step, we review and utilise the information available on the scalar correlation
function in the large-Nf , or relatedly, the large-β0 approximation.
3 Large-β0 approximation for the scalar correlator
The large-β0 approximation for the scalar correlation function was worked out in an im-
pressive tour de force by Broadhurst et al. in ref. [10]. The approach is to first calculate the
large-Nf expansion by summing fermion-loop chains in the gluon propagator, and then per-
forming the naive non-abelianisation [13] through the replacement Nf → −3β1. Taking into
account that the correlator ΠS(Q
2) of [10] is related to Ψ(Q2) by ΠS(Q
2) = (4pi)2Ψ(Q2),
in the large-Nf limit the scalar correlator was found to be
Ψ(Q2) =
Nc
8pi2
m2µQ
2
[
L− 2 + CF b
2TFNf
H(L, b) +O
(
1
N2f
)
+O
(
1
Q2
)]
. (3.1)
The function H(L, b), with b ≡ TFNf aµ/3, is at the heart of the work [10] and will be
discussed in detail below.4 In our conventions, TF = 1/2.
Comparing eqs. (2.4) and (3.1), it immediately follows that
∞∑
n=1
anµ
n+1∑
k=0
dn,kL
k =
CF b
2TFNf
H(L, b) . (3.2)
Next, employing the expansion
H(L, b) =
∞∑
n=1
Hn+1(L) b
n−1, (3.3)
along the lines of ref. [10], one obtains
n+1∑
k=0
dn,kL
k = CF
Nn−1f
6n
Hn+1(L) , (3.4)
and in particular
dn,1 = CF
Nn−1f
6n
H
(1)
n+1 , (3.5)
for the independent coefficients dn,1, where H
(1)
n+1 denotes the coefficient of the term of
Hn+1(L) linear in the logarithm. It remains to arrive at an expression for H
(1)
n+1.
An explicit expression for the H
(1)
n+1 can be pieced together from several formulae
presented in ref. [10], the central of which, for n ≥ 1, reads:
n(n+ 1)Hn+1(L) = (n+ 1)
[
hn+2 + 4(L− 2)gn+1
]
+ 4gn+2 + 9 (−1)nDn+1(L) . (3.6)
4Some care has to be taken when implementing expressions from ref. [10], since our convention for the
logarithm is L = ln(Q2/µ2), while in [10] instead ln(µ2/Q2) was employed.
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The coefficients hn+2 are scheme-dependent constants, which do not concern us here since
they are independent of L, while the quantities gn are related to the expansion coefficients
of the quark-mass anomalous dimension γm(a) in the large-Nf limit. In this limit, one
finds [10, 17]
γm(a) ≡ − µ
mµ
dmµ
dµ
=
2CF b
TFNf
g(b) +O
(
1
N2f
)
, (3.7)
with the function g(b) being given by
g(b) =
(3− 2b)2
(4− 2b)
Γ(2− 2b)
[Γ(2− b)]2
sin(pib)
pib
. (3.8)
Then, finally, the expansion of g(b), together with an efficient way to generate it, which
was also presented in [10], reads:
g(b) =
∞∑
n=1
gnb
n−1 =
[
4−
∞∑
n=2
(
3
2n
+
n
2
)
bn−2
]
exp
( ∞∑
l=3
2l − 3− (−1)l
l
ζl b
l
)
. (3.9)
For the convenience of the reader, we list the first six coefficients gn:
g1 =
9
4 , g2 = − 158 , g3 = − 3516 , g4 = − 8332 + 92 ζ3 ,
g5 = − 19564 − 154 ζ3 + 274 ζ4 , g6 = − 451128 − 358 ζ3 − 458 ζ4 + 272 ζ5 . (3.10)
Comparing the general expansion of g(b) with the one for γm(a), the relation for the
individual expansion coefficients is given by
γ(n)m = 4CF
Nn−1f
6n
gn . (3.11)
Employing the coefficients gn of eq. (3.10), it can easily be verified that the terms with the
highest power in Nf of γ
(n)
m in eq. (A.4) are indeed reproduced.
The functions Dn(L) in the last summand of (3.6), and the corresponding coefficients
D(1)n linear in L, can be derived from the following relation:5
∞∑
n=0
Dn(L)
n!
un =
[
1 + uGD(u)
]
e−(L−5/3)u . (3.12)
The term “−5/3” in the exponent is particular for the MS scheme which is employed unless
otherwise stated. Below, we shall, however, generalise our expressions to an arbitrary
scheme for the coupling. Furthermore, the function GD(u) was found to be [10]
GD(u) =
2
1− u −
1
2− u +
2
3
∞∑
p=3
(−1)p
(p− u)2 −
2
3
∞∑
p=1
(−1)p
(p+ u)2
=
2
1− u −
1
2− u +
1
6
[
ζ
(
2, 2− u2
)− ζ(2, 32 − u2 )− ζ(2, 1 + u2 )+ ζ(2, 12 + u2 ) ]
=
∑
k>0
k + 3
3
(2− 2−k)uk−1 − 8
3
∑
l>0
ζ2l+1l(1− 4−l)u2l−1 . (3.13)
5The relation to the corresponding coefficients ∆˜n of [10] is given by n(n− 1)∆˜n = − 2D(1)n .
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The first line of eq. (3.13) explicitly displays the renormalon structure, separated in IR
renormalon poles at positive integer u, and UV renormalon poles at negative integer u,
while the second gives an expression in terms of the Hurwitz ζ-function. Finally, the third
line provides the Taylor expansion of GD(u) around u = 0, which corresponds to the
perturbative expansion. Inserting the extracted coefficients gn and D(1)n into H(1)n+1 derived
from eq. (3.6), it is a simple matter to verify that eq. (3.5) reproduces the contributions
with the highest power of Nf in the coefficients dn,1 of (2.5) for n ≥ 1. To facilitate the
comparison, the first few coefficients D(1)n and H(1)n+1 have been collected in appendix B.
Next, an expression for Ψ
′′
(Q2) of eq. (2.9) in the large-β0 limit shall be derived. The
required second derivative of the function H(L, b) with respect to L can be extracted from
expressions provided in ref. [10], along the lines of the computation above which led to the
coefficients dn,1. To convert the large-Nf expansion into the large-β0 (or large-β1) limit,
all occurrences of Nf have to be replaced by −3β1. Finally, rewriting sums over the Dn
coefficients (and derivatives) in terms of the Borel transform of the coupling, those sums
can be expressed in closed form containing the function GD(u). This yields
Ψ
′′
β0(Q
2) =
Nc
8pi2
m2µ
Q2
{
1− 2
β1
∞∑
n=1
γ
(n+1)
m
n
anµ +
3CF
β1
∞∫
0
du e−2u/(β1aµ)
[
(1− u)[1 + uGD(u)]e−(L−5/3)u − 1]1
u
+ . . .
}
,
(3.14)
where the ellipses stand for terms with additional suppression in β1 or Q
2. Because the
integrand contains IR renormalon poles along the path of integration, a prescription has
to be specified in order to define the integral. In the present study the principal-value
prescription shall always be adopted.
As Ψ
′′
(Q2) satisfies a homogeneous RGE, the logarithm can be resummed through the
scale choice µ2 = Q2. Furthermore, the running of the quark mass is reflected in the terms
containing the coefficients of the quark-mass anomalous dimension γ
(n)
m , except for the
leading-order running γ
(1)
m which is cancelled by the last term “−1” in the square brackets.
Hence, the mass running (except for the leading order) can be resummed by expressing
the quark mass in terms of the RGI quark mass m̂ according to eq. (2.12). In addition, we
rewrite the expression in terms of a coupling aCQ ≡ αCs (Q)/pi parametrised by a constant
C, specifying the renormalisation scheme and being defined by the relation:
1
aˆQ
≡ 1
aCQ
+ C
β1
2
=
1
aMSQ
− 5
3
β1
2
. (3.15)
The coupling aˆQ for C = 0 can be considered a scheme-independent coupling at large-β0.
This leads to our final formula for Ψ
′′
(Q2) in the large-β0 approximation:
Ψ
′′
β0(Q
2) =
Nc
8pi2
m̂2
Q2
[αCms (Q)]
2γ
(1)
m /β1
{
1− 2 γ
(1)
m
β1
ln
[
1 + Cm
β1
2 a
Cm
Q
]
+
2pi
β1
∞∫
0
du e−2u/(β1a
Ca
Q )B[Ψ
′′
](u) + . . .
}
, (3.16)
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where we have introduced two separate constants Cm and Ca, referring to the scheme
dependencies of quark mass and coupling, respectively. The Borel transform B[Ψ
′′
](u) is
given by
B[Ψ
′′
](u) =
3CF
2pi
e−Cau
[
(1− u)GD(u)− 1
]
=
3CF
2pi
e−Cau
{
1
(2− u) −
2
3
∞∑
p=3
(−1)p
[
(p− 1)
(p− u)2 −
1
(p− u)
]
− 2
3
∞∑
p=1
(−1)p
[
(p+ 1)
(p+ u)2
− 1
(p+ u)
]}
. (3.17)
The second equality again provides the separation of the Borel transform B[Ψ
′′
](u) in IR
and UV renormalon poles. The found general structure is analogous to the one of the
Adler function [14]. Except for the linear IR pole at u = 2, being related to the gluon
condensate, we have quadratic and linear IR poles at all integer u ≥ 3. Furthermore,
quadratic and linear UV renormalon poles are found for all integer u ≤ −1. Hence, like for
the Adler function, at large orders the perturbative coefficients will be dominated by the
quadratic UV renormalon pole at u = −1 which lies closest to u = 0. As is also observed
from eq. (3.16), the perturbative series contains a term without renormalon singularities
which is related to the scheme dependence of the global prefactor αCs (Q). This “no-pole”
contribution is absent in the scheme with C = 0, in which the prefactor is expressed in
terms of the invariant coupling αˆs(Q).
Let us proceed to an investigation of the perturbative expansion for three different
choices of the renormalisation scheme. We begin with the MS scheme for both mass and
coupling, in which Cm = Ca = −5/3, and the coefficients rβ0n , introduced in eq. (2.13), are
found to be
rβ01 (MS,MS) =
16
3
= 5.3333 , rβ02 (MS,MS) =
( 143
36
− 2ζ3
)
β1 = 7.0565 ,
rβ03 (MS,MS) =
( 1465
324
− 4
3
ζ3
)
β21 = 59.107 , (3.18)
rβ04 (MS,MS) =
( 17597
2592
+
5
6
ζ3 − 15
2
ζ5
)
β31 = 1.2504 .
The first entry in the argument of rβ0n refers to the scheme for the mass and the second for
the coupling. The numerical values have been given for Nf = 3. Comparing to eq. (2.14),
except for the first coefficient r1, the higher-order coefficients are not at all well represented
by the large-β0 approximation, with a complete failure observed at the fourth order. To
obtain a better understanding of this behaviour, the contribution of the lowest-lying renor-
malon poles to the perturbative large-β0 coefficients shall be investigated.
In table 1, the contributions in percent of the two lowest-lying UV renormalon poles
at u = −1,−2 and three lowest-lying IR renormalon poles at u = 2, 3, 4 as well as the
no-pole term to the first 12 perturbative coefficients rn in the large-β0 approximation and
the MS scheme are presented. It is observed that starting with about the 5th order, the
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rβ01 r
β0
2 r
β0
3 r
β0
4 r
β0
5 r
β0
6
UV−1 25.0 -56.7 31.7 -15025.0 65.2 133.9
UV−2 -6.2 3.5 1.1 618.5 0.4 -0.8
IR2 18.8 69.1 42.3 10973.5 28.4 -28.4
IR3 -2.8 -6.3 -1.3 349.9 2.5 -3.8
IR4 1.6 3.1 0.3 -259.0 -1.3 1.7
No-Pole 62.5 88.6 26.4 3514.5 4.6 -2.2
SUM 98.8 101.3 100.7 172.4 99.8 100.4
rβ07 r
β0
8 r
β0
9 r
β0
10 r
β0
11 r
β0
12
UV−1 89.6 105.7 97.7 101.1 99.5 100.2
UV−2 0.0 -0.1 0.0 0.0 0.0 0.0
IR2 9.0 -4.9 2.1 -1.0 0.4 -0.2
IR3 1.5 -0.8 0.3 -0.1 0.1 0.0
IR4 -0.6 0.3 -0.1 0.0 0.0 0.0
No-Pole 0.3 -0.1 0.0 0.0 0.0 0.0
SUM 99.9 100.1 100.0 100.0 100.0 100.0
Table 1. Contribution (in percent) of the lowest-lying ultraviolet (UV) and infrared (IR) renor-
malon poles as well as the no-pole term to the first 12 perturbative coefficients rβ0n in the MS scheme
for both quark mass and renormalon terms.
dominance of the lowest-lying UV pole at u = −1 sets in. For the first two orders, the
no-pole term which does not contain a renormalon singularity, dominates. Furthermore,
for the 4th order, huge cancellations between the different contributions take place. At this
order, only when adding the no-pole term and UV and IR renormalon contributions up to
order p = 15, a 1% precision on the coefficient rβ04 is reached.
Now, we move to the discussion of renormalisation schemes for which the mass renor-
malisation is taken at Cm = 0, and thus the no-pole, logarithmic term of eq. (3.16) vanishes.
Since the renormalisation scheme in the mass and in the renormalon contribution can be
chosen independently, we still have the freedom to employ a different scheme in the latter
case. Using the MS scheme in the Borel integral, Ca = −5/3, the first four perturbative
coefficients are found to be:
rβ01 (C=0,MS) = 2 , r
β0
2 (C=0,MS) =
( 31
12
− 2ζ3
)
β1 = 0.8065 ,
rβ03 (C=0,MS) =
( 15
4
− 4
3
ζ3
)
β21 = 43.482 , (3.19)
rβ04 (C=0,MS) =
( 5449
864
+
5
6
ζ3 − 15
2
ζ5
)
β31 = − 42.695 .
It is observed that the first two orders are substantially smaller than in eq. (3.18), due to
the fact that the no-pole term has effectively been resummed into the global prefactor. The
third order is of a similar size and the 4th order turns out to be negative, which indicates
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rβ01 r
β0
2 r
β0
3 r
β0
4 r
β0
5 r
β0
6
UV−1 66.7 -496.0 43.1 440.0 68.4 131.0
UV−2 -16.7 31.0 1.5 -18.1 0.5 -0.8
IR2 50.0 604.5 57.6 -321.4 29.7 -27.8
IR3 -7.4 -55.1 -1.7 -10.2 2.6 -3.7
IR4 4.2 27.1 0.5 7.6 -1.4 1.7
SUM 96.8 111.5 100.9 97.9 99.8 100.4
rβ07 r
β0
8 r
β0
9 r
β0
10 r
β0
11 r
β0
12
UV−1 89.9 105.6 97.7 101.1 99.5 100.2
UV−2 0.0 -0.1 0.0 0.0 0.0 0.0
IR2 9.1 -4.9 2.1 -1.0 0.4 -0.2
IR3 1.5 -0.8 0.3 -0.1 0.1 0.0
IR4 -0.6 0.3 -0.1 0.0 0.0 0.0
SUM 99.9 100.1 100.0 100.0 100.0 100.0
Table 2. Contribution (in percent) of the lowest-lying ultraviolet (UV) and infrared (IR) renor-
malon poles to the first 12 perturbative coefficients rβ0n in the mixed scheme with Cm = 0 for the
quark mass and MS in the renormalon terms.
that the leading UV renormalon singularity is already dominating. This is confirmed by
the separated contributions of the lowest-lying IR and UV renormalons, again provided in
table 2. This time large cancellations between the lowest-lying UV and IR renormalons
take place for the second and 4th order. This cancellation could be the reason for an
anomalously small second order coefficient. Like in the MS scheme, dominance of the
leading UV renormalon at u = −1 sets in at about the 5th order.
To conclude our discussion of the perturbative expansion of Ψ
′′
(Q2) in the large-β0 ap-
proximation, we investigate the scheme with Cm = Ca = 0 in both no-pole and renormalon
contributions. The corresponding first few perturbative coefficients read
rβ01 (C=0, C=0) = 2 , r
β0
2 (C=0, C=0) =
( 11
12
− 2ζ3
)
β1 = − 6.6935 ,
rβ03 (C=0, C=0) =
( 5
6
+ 2ζ3
)
β21 = 65.558 , (3.20)
rβ04 (C=0, C=0) =
( 37
32
− 15
2
ζ5
)
β31 = − 603.31 .
In this case, the leading UV renormalon dominates already from the lowest order which
is reflected in the sign-alternating behaviour of the perturbative coefficients. Also the
strong growth of the coefficients that signals the asymptotic behaviour of the series is
observed. As an amusing aside, we remark that in this scheme, at each order n > 1,
only the highest possible ζ-function coefficients ζ(2 [n/2 + 1]− 1) arise, where [x] denotes
the integer value of x. In table 3, once again the contributions in percent to the first 6
perturbative coefficients are presented. As indicated above, in this scheme one finds that
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already the second coefficient rβ02 is largely dominated by the leading UV renormalon at
u = −1, and for still higher orders the series is fully dominated by this contribution. The
respective behaviour is also expected from the exponential factor exp(−Cau) in eq. (3.17)
which entails that in the scheme with Ca = 0 the residues of the IR renormalon poles are
no longer enhanced with respect to the UV ones as is the case in the MS scheme.
rβ01 r
β0
2 r
β0
3 r
β0
4 r
β0
5 r
β0
6
UV−1 66.7 134.5 103.0 105.7 101.5 101.3
UV−2 -16.7 -22.4 -9.0 -4.7 -2.3 -1.2
IR2 50.0 -16.8 3.9 -1.4 0.5 -0.2
IR3 -7.4 -1.7 0.8 -0.3 0.1 0.0
IR4 4.2 1.4 -0.4 0.1 0.0 0.0
SUM 96.8 95.0 98.2 99.4 99.8 99.9
Table 3. Contribution (in percent) of the lowest-lying ultraviolet (UV) and infrared (IR) renor-
malon poles to the first 6 perturbative coefficients rβ0n in the scheme with Cm = Ca = 0 for both
quark mass and renormalon terms.
In an analogous fashion to the derivation of eq. (3.16), we can derive an expression for
the correlation function DL(Q2) of eq. (2.22) in the large-β0 approximation, which reads
DLβ0(Q
2) = − Nc
8pi2
m̂2 [αCms (Q)]
2γ
(1)
m /β1
{
1− 2 γ
(1)
m
β1
ln
[
1 + Cm
β1
2 a
Cm
Q
]
+
2pi
β1
∞∫
0
du e−2u/(β1a
Ca
Q ) · 3CF
2pi
e−CauGD(u) + . . .
}
. (3.21)
The perturbative expansion of this correlator shall only be discussed in the mixed scheme
with Cm = 0 for the quark mass and MS, that is Ca = −5/3, for the remainder. Then, the
coefficients r˜n of eq. (2.23) in the large-β0 limit are found as
r˜β01 (C=0,MS) = 4 , r˜
β0
2 (C=0,MS) =
( 25
4
− 2ζ3
)
β1 = 17.3065 ,
r˜β03 (C=0,MS) =
( 205
18
− 10
3
ζ3
)
β21 = 149.486 , (3.22)
r˜β04 (C=0,MS) =
( 21209
864
− 25
6
ζ3 − 15
2
ζ5
)
β31 = 1071.81 ,
where like before the numerical values have been given at Nf = 3. It is again observed
that the coefficients r˜β0n are substantially worse behaved than the coefficients r
β0
n .
Similarly to table 2, in table 4 the contributions in percent of the three lowest-lying UV
renormalon poles at u = 1,−1,−2 and two lowest-lying IR renormalon poles at u = 2, 3 to
the first 12 perturbative coefficients r˜n in the large-β0 approximation and the mixed scheme
are presented. The surprising finding that can also be inferred directly from eq. (3.21) is
that the function DL(Q2) suffers from an additional, spurious renormalon pole at u = 1.
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r˜β01 r˜
β0
2 r˜
β0
3 r˜
β0
4 r˜
β0
5 r˜
β0
6
UV−1 33.3 -5.8 9.5 -8.6 8.2 -10.6
UV−2 -8.3 -2.9 -1.1 -0.3 -0.1 0.0
UV1 100.0 138.7 109.9 123.1 99.1 115.3
IR2 -25.0 -28.2 -16.7 -12.8 -6.4 -4.2
IR3 -3.7 -4.5 -2.8 -2.3 -1.1 -0.7
SUM 96.3 97.3 98.8 99.2 99.7 99.8
r˜β07 r˜
β0
8 r˜
β0
9 r˜
β0
10 r˜
β0
11 r˜
β0
12
UV−1 9.6 -13.2 11.3 -16.2 13.1 -19.4
UV−2 0.0 0.0 0.0 0.0 0.0 0.0
UV1 92.5 114.5 89.2 116.5 87.0 119.5
IR2 -1.8 -1.2 -0.5 -0.3 -0.1 -0.1
IR3 -0.3 -0.2 -0.1 0.0 0.0 0.0
SUM 99.9 100.0 100.0 100.0 100.0 100.0
Table 4. Contribution (in percent) of the lowest-lying ultraviolet (UV) and infrared (IR) renor-
malon poles to the first 12 perturbative coefficients rβ0n in the mixed scheme with Cm = 0 for the
quark mass and MS in the renormalon terms.
This observation was, of course, already made in ref. [10]. Because the linear u = 1 pole
has the larger residue as compared to the UV renormalon pole at u = −1, it dominates
the perturbative coefficients for a large number of orders, before the quadratic UV pole at
u = −1 takes over.6
The origin of the renormalon pole at u = 1 can be understood from eq. (2.20). In the
construction of DL(Q2), the term Ψ(0)/s is subtracted. As will be explained in more detail
in appendix C, the subtraction constant Ψ(0) consists of a contribution from the quark
condensate and an UV divergent perturbative term proportional to m4. The subtraction of
this divergent term leads to an ambiguity which results in the emergence of the additional
renormalon at u = 1, and since it is of UV origin, in table 4 we have labelled the pole
accordingly. Generally, in applications, because of this spurious renormalon pole, it appears
advisable to avoid the correlator DL(Q2) in phenomenological analyses.
A detailed discussion of the third physical observable related to the scalar correlator,
ImΨ(s), in the large-β0 limit, has been presented in ref. [10], and therefore, we shall not
repeat it here. We only remark that, like Ψ
′′
(s), also the spectral function does not suffer
from a renormalon pole at u = 1. In the case of Ψ
′′
(s), this pole contribution, which is
present in the independent perturbative coefficients dn,1, is cancelled by the term 2dn,2 (see
eq. (2.10)), which individually also receives contributions from a pole at u = 1. In the case
of ImΨ(s), those u = 1 pole contributions are cancelled by the (ipi)2l terms multiplying
dn,2l+1 coefficients with l ≥ 1 (see eq. (2.15)).
6In the scheme with Cm = Ca = 0, in which the spurious pole at u = 1 is less enhanced, still for many
orders large cancellations between the lowest-lying poles at u = −1 and u = 1 take place.
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To conclude, from the investigation of the scalar correlator in the large-β0 approxi-
mation, it appears advantageous to express at least the global prefactor proportional to
α
2γ
(1)
m /β1
s in terms of a scheme-invariant coupling αˆs, such that the quark mass factor is
fully scheme independent. In the next section, we shall investigate the options for such a
definition of αˆs in full QCD and will study its implications in section 5.
4 Scheme variations of the QCD coupling
The aim of this section is to define a class of renormalisation schemes in which the running
of the QCD coupling is scheme invariant, in particular it only depends on the two leading
β-function coefficients β1 and β2. In addition, scheme transformations of this coupling can
be parametrised by just one parameter C, corresponding to transformations of the QCD
Λ-parameter, which sets the scale. Our starting point for the construction of this class of
couplings is the scale-invariant parameter Λ that can be defined as
Λ ≡ Q e−
1
β1aQ [aQ]
− β2
β21 exp
{ aQ∫
0
da
β˜(a)
}
, (4.1)
where
1
β˜(a)
≡ 1
β(a)
− 1
β1a2
+
β2
β21a
, (4.2)
which is free of singularities in the limit a → 0. Consider a scheme transformation to a
new coupling a′, which takes the general form
a′ ≡ a+ c1 a2 + c2 a3 + c3 a4 + . . . . (4.3)
The Λ-parameter in the new scheme, Λ′, only depends on c1 and not on the remaining
higher-order coefficients [18]. The exact relation between the Λ-parameters is given by
Λ′ = Λ ec1/β1 . (4.4)
This motivates the definition of a new coupling a˜Q, which is scheme invariant, except
for shifts in the Λ-parameter, parametrised by the constant C:
1
β1a˜Q
≡ ln Q
Λ
+
C
2
=
1
β1aQ
+
C
2
+
β2
β21
ln aQ −
aQ∫
0
da
β˜(a)
. (4.5)
Like in the last section, we might have termed the new coupling a˜CQ, in order to indicate its
scheme dependence, but for notational simplicity, we drop the superscript. In large-β0 and
the MS scheme, the value C = −5/3 led to the invariant construction of eq. (3.15). As shall
be discussed further below, in full QCD the construction of a universal scheme-invariant
coupling appears not to be possible. The combination (4.5) was already introduced in
refs. [19, 20], where it was noted that an unpleasant feature of a˜Q is the presence of the
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non-analytic logarithmic term. However, we can get rid of it by an implicit construction
of another coupling aˆ, this time defined by
1
aˆQ
≡ β1
(
ln
Q
Λ
+
C
2
)
− β2
β1
ln aˆQ =
1
aQ
+
β1
2
C +
β2
β1
ln
aQ
aˆQ
− β1
aQ∫
0
da
β˜(a)
, (4.6)
which in perturbation theory should be interpreted in an iterative sense.
It is a straightforward matter to deduce from eq. (4.6) the perturbative relations that
provide the transformations between the coupling a in a particular scheme and the coupling
aˆ. Up to fourth order, taking a as well as the corresponding β-function coefficients in the
MS scheme, and for Nf = 3, we find
aˆ(a) = a− 94 C a2 −
(
3397
2592 + 4C − 8116 C2
)
a3
− (741103186624 + 233192 C − 452 C2 + 72964 C3 + 445144ζ3)a4 +O(a5) , (4.7)
as well as
a(aˆ) = aˆ+ 94 C aˆ
2 +
(
3397
2592 + 4C +
81
16 C
2
)
aˆ3
+
(
741103
186624 +
18383
1152 C +
45
2 C
2 + 72964 C
3 + 445144ζ3
)
aˆ4 +O(aˆ5) . (4.8)
As the next step, we investigate the running of the coupling aˆ. To this end, we first
have to derive its β-function which is found to have the simple form
− µ daˆ
dµ
≡ βˆ(aˆ) = β1aˆ
2(
1− β2β1 aˆ
) . (4.9)
Obviously, as is seen explicitly, it only depends on the scheme-invariant β-function coef-
ficients β1 and β2. However, our scheme is different from the ’t Hooft scheme for which
β(a) = β1a
2 + β2a
3 [21]. We also note that non-trivial zeros of βˆ(aˆ) can only arise in the
case of β1 = 0. Integrating the RGE (4.9), one obtains
1
aˆQ
=
1
aˆµ
+
β1
2
ln
Q2
µ2
− β2
β1
ln
aˆQ
aˆµ
. (4.10)
Again, this implicit equation for aˆQ can either be solved iteratively, to provide a pertur-
bative expansion, or, of course, numerically. In the following section, we shall investigate
the phenomenological implications of re-expressing the perturbative expansion in terms of
aˆ for the scalar correlation function.
Before turning to the phenomenological applications, however, we point out the possi-
bility of defining a fully scheme-invariant coupling. Since the QCD coupling is not directly
measurable, such a definition would have to be based on a particular physical observable,
for example the QCD Adler function. In the past, such definitions have been discussed
in the literature. (See e.g. refs. [22, 23].) However, then the definition of the coupling is
non-universal and its Λ-parameter and β-function depend on the perturbative expansion
coefficients of the physical quantity. For this reason, we prefer to stick to the universal cou-
pling aˆ according to the definition (4.6), and study the behaviour of physical observables
under variation of the parameter C.
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5 Phenomenological applications
Let us now investigate the phenomenological implications of introducing the QCD coupling
α̂s of eq. (4.6). We begin by doing this on the basis of the scalar correlator Ψ
′′
PT of eq. (2.13),
where, as a first step, the coupling in the prefactor, originating in the running of the quark
mass, is re-expressed in terms of α̂s. Defining the quantity Ψ̂
′′
(αs), which just contains the
dependence on the coupling,
Ψ
′′
PT(Q
2) ≡ Nc
8pi2
m̂2
Q2
Ψ̂
′′
(αs) , (5.1)
and employing the transformation of the QCD coupling provided in eq. (4.7), we find:
Ψ̂
′′
(αs) = [α̂s(Q)]
8/9
{
1 + (5.4568 + 2C) aQ + (25.452 + 14.469C − 0.25C2) a2Q
+ (135.29 + 74.006C − 6.2531C2 + 0.20833C3) a3Q
+ (824.05 + 367.82C − 56.089C2 + 9.2479C3 − 0.24740C4) a4Q + . . .
}
. (5.2)
Thus far the coupling aQ within the curly brackets is left in the MS scheme. We will
proceed with investigating this case numerically and then, in a second step, also rewrite
these contributions in terms of aˆQ.
Figure 1. Ψ̂
′′
(αs) according to eq. (5.2) as a function of C for αs(Mτ ) = 0.316. The yellow
band corresponds to either removing or doubling the O(a4) correction to estimate the respective
uncertainty. In the red point, where O(a4) vanishes, the third order is taken as the error. For
further discussion, see the text.
To this end, figure 1 displays a numerical account of the behaviour of Ψ̂
′′
as a function
of the scheme parameter C. As we are interested in applications to hadronic τ decays
in the future, for definiteness, we have chosen αs(Mτ ) = 0.316 in the MS scheme, which
corresponds to the current PDG average αs(MZ) = 0.1181 [24]. The coupling α̂s(Q)
required in the prefactor has been determined by directly solving eq. (4.6) numerically, not
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via the expansion (4.7). In order to estimate the uncertainty in the perturbative prediction,
the fourth order term is either removed or doubled. The steepest curve in figure 1 then
corresponds to setting the O(a4Q) contribution to zero and the flattest one to doubling it.
The yellow band hence corresponds to the region of expected values for Ψ̂
′′
, depending on
the parameter C.
It is observed that at C = −1.683 the O(a4Q) correction vanishes. Interestingly enough,
this value is surprisingly close to C = −5/3 in large-β0, which enters the construction of
the invariant coupling (3.15) in the MS scheme, though, presumably, this is merely a
coincidence. The red data point then indicates an estimate where the uncertainty is taken
to be the size of the third-order term. At this value of C, the third-order correction has
already turned negative and, beyond it, also the O(a4Q) contribution changes sign. This
is an indication that in the respective region of C the contributions from IR and UV
renormalons are more balanced. To obtain a more complete picture, also the uncertainty
of αs should be folded in. From the PDG average αs(MZ) = 0.1181(13) [24], we deduce
αs(Mτ ) = 0.316(10). Numerically, our result at C = −1.683 then reads
Ψ̂
′′
(C = −1.683) = 0.774± 0.005+0.058− 0.052 = 0.774+0.058− 0.052 , (5.3)
where the first error corresponds to theO(a3Q) correction also displayed in figure 1, while the
second error results from the current uncertainty in αs. The total error on the right-hand
side has been obtained by adding the individual uncertainties in quadrature.
The value (5.3) can be compared to the result at C = 0,
Ψ̂
′′
(C = 0) = 0.715± 0.030+0.040− 0.038 = 0.715+0.050− 0.048 . (5.4)
The two predictions (5.3) and (5.4) are found to be compatible and have similar uncertain-
ties. At present, the error on αs is dominant. While in the prediction (5.3), the estimated
uncertainty from missing higher orders is substantially reduced, its sensitivity to αs and
its uncertainty is increased. This is due to the fact that at C = −1.683, symmetrising the
error, one finds α̂s = 0.610 ± 0.045. This increased sensitivity on αs may also be seen as
a virtue if one aims at an extraction of αs along the lines of [16, 25–27]. In this respect,
further understanding of the behaviour of the perturbative series, for example, through
models for the Borel transform in the spirit of ref. [16], could be helpful. As a last re-
mark it is pointed out that at the scale of Mτ , for C < −2, the scheme transformation
ceases to be perturbative and breaks down. Therefore, such values should be discarded for
phenomenology.
We proceed with our second step of also expressing the coupling aQ within the curly
brackets of eq. (5.2) in terms of aˆQ. As a matter of principle, we could introduce two
different scheme constants Cm and Ca, related to mass and coupling renormalisation, re-
spectively, since the global prefactor originates from the quark mass, and the remaining
expansion concerns the QCD coupling. To keep the discussion more transparent, however,
we prefer to only use a single common constant C = Cm = Ca. Then the expansion in aˆQ
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takes the form
Ψ̂
′′
(α̂s) = [α̂s(Q)]
8/9
{
1 + (5.4568 + 2C) aˆQ + (25.452 + 26.747C + 4.25C
2) aˆ2Q
+ (142.44 + 212.99C + 94.483C2 + 9.2083C3) aˆ3Q
+ (932.71 + 1625.0C + 1099.8C2 + 291.95C3 + 20.143C4) aˆ4Q + . . .
}
. (5.5)
The corresponding graphical representation of this result is displayed in figure 2. In this
case, the order aˆ4 correction does not vanish for any sensible value of C. The smallest
uncertainty is assumed around C ≈ −0.9, at which one deduces
Ψ̂
′′
(C = −0.9) = 0.753± 0.022+0.050− 0.046 = 0.753+0.055− 0.051 . (5.6)
In figure 2, the first error is shown as the red data point and the second again corresponds
to the uncertainty induced from the error on αs. In view of the large αs error, the result
(5.6) is again fully compatible with (5.3) and (5.4).
Figure 2. Ψ̂
′′
(α̂s) according to eq. (5.5) as a function of C for αs(Mτ ) = 0.316. The yellow
band corresponds to either removing or doubling the O(aˆ4) correction to estimate the respective
uncertainty. At the red point, the uncertainty resulting from the O(aˆ4) contribution is minimal.
For further discussion, see the text.
Let us now turn to the decay of the Higgs boson into quark-antiquark pairs. The
corresponding decay width is given by
Γ(H → qq¯) =
√
2GF
MH
ImΨ
(
M2H + i0
) ≡ NcGFMH
4
√
2pi
m̂2q R̂
(
αs(MH)
)
, (5.7)
which defines the function R̂
(
αs(MH)
)
. We proceed in analogy to the case of Ψ
′′
by first
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expressing only the global prefactor in terms of the coupling α̂s, which results in
R̂(αs) = [α̂s(Q)]
24/23
{
1 + (8.0176 + 2C) aQ + (46.732 + 18.557C + 0.08333C
2) a2Q
+ (142.12 + 117.09C − 1.5384C2 − 0.05093C3) a3Q
− (544.67− 426.17C + 22.522C2 − 2.2856C3 − 0.04774C4) a4Q + . . .
}
. (5.8)
Here the number of flavours Nf = 5 and Q = MH . For αs(MH) = 0.1127, a graphical
representation of R̂(αs) as a function of C is given in figure 3. Because the coupling now
is much smaller than at the τ scale, the perturbative expansion converges faster, and thus
the typical O(a4) term is substantially smaller than the order a3 correction at C = 1.362,
where O(a4) vanishes. This is obvious from the large error bar of the red point. The
corresponding numerical result reads
R̂(C = 1.362) = 0.1387± 0.0013± 0.0020 = 0.1387± 0.0024 , (5.9)
where the second error again results from the variation αs(MH) = 0.1127(12) which has
been deduced from the PDG average. Still, even though the large O(a3) uncertainty has
been assumed, the current error from the αs input is even bigger.
Figure 3. R̂(αs) according to eq. (5.8) as a function of C for αs(MH) = 0.1127. The yellow
band corresponds to either removing or doubling the O(a4) correction to estimate the respective
uncertainty. In the red point, where O(a4) vanishes, the third order is taken as the error. For
further discussion, see the text.
Like for Ψ
′′
, also for the Higgs decay, as a second step, we express the remaining αs
series in powers of aˆ. This yields
R̂(α̂s) = [α̂s(Q)]
24/23
{
1 + (8.0176 + 2C) aˆQ + (46.732 + 33.924C + 3.9167C
2) aˆ2Q
+ (141.19 + 315.38C + 103.88C2 + 7.6157C3) aˆ3Q
− (524.03− 1491.9C − 1353.1C2 − 277.97C3 − 14.756C4) aˆ4Q + . . .
}
, (5.10)
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Figure 4. R̂(α̂s) according to eq. (5.10) as a function of C for αs(MH) = 0.1127. The yellow
band corresponds to either removing or doubling the O(aˆ4) correction to estimate the respective
uncertainty. In the red points, where O(aˆ4) vanishes, the third order is taken as the error. For
further discussion, see the text.
and the corresponding behaviour as a function of C is presented in figure 4. This time
two values of C are found, at which the O(aˆ4) correction vanishes, and they are again
displayed as the red data points. In both cases, like before the corresponding uncertainty
inferred from the size of the third order is much larger than a typical fourth order term.
The corresponding numerical results are given by
R̂(C = −2.079) = 0.1386± 0.0012± 0.0020 = 0.1386± 0.0023 , (5.11)
and
R̂(C = 0.277) = 0.1387± 0.0010± 0.0020 = 0.1387± 0.0022 , (5.12)
where the second error once more is due to the αs uncertainty and the final errors result
from a quadratic average. In a situation like this, in our opinion a conservative estimate
of higher-order corrections can be obtained by assuming the maximal O(aˆ4) correction
between those two points and taking that as the perturbative uncertainty. This approach
is shown as the blue point, and the numerical value reads
R̂(C = −0.94) = 0.1387± 0.0002± 0.0020 = 0.1387± 0.0020 . (5.13)
It is clear that now the higher-order uncertainty is completely negligible with respect to
the present error in αs.
To summarise, rewriting the perturbative expansion in terms of the coupling α̂s of
eq. (4.6) introduces interesting approaches to improve the convergence of the series for the
known low-order corrections, before the asymptotic behaviour sets in. We demonstrated
this explicitly for the correlator Ψ
′′
(s) at the scale Mτ and for the decay of the Higgs boson
into quarks which is related to ImΨ(s) at the scale MH . In both examples, however, the
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parametric uncertainty induced by the error on αs dominates. This is in part due to the
recent increase in the αs uncertainty of the PDG average [24] by more than a factor of
two, in view of an earlier analysis of αs determinations from lattice QCD by the FLAG
collaboration [28]. Hence, we expect our findings to increase in importance when the
uncertainty on αs again shrinks in the future. Still, in view of the potential to strengthen
the sensitivity on αs, our approach could also open promising options for improved non-
lattice αs determinations.
6 Conclusions
The scalar correlation function is one of the basic QCD two-point correlators with impor-
tant phenomenological applications for the decay of the Higgs boson to quark-antiquark
pairs [4], determinations of light quark masses from QCD sum rules [5, 6] and contributions
to hadronic decays of the τ lepton [7–9]. Presently, the perturbative expansion of the scalar
correlator is known up to order α4s in the strong coupling [1].
Three physical functions related to the scalar correlator play a role for phenomeno-
logical studies: ImΨ(s) in Higgs decay, Ψ
′′
(s) for quark-mass extractions and DL(s) in
finite-energy sum rule analyses of hadronic τ decays. From the known perturbative co-
efficients it is observed that the renormalisation-group resummed DL(s) only depends on
the independent coefficients dn,1, and those corrections turn out much larger than the ones
for Ψ
′′
(s) and ImΨ(s), for which combinations of the dn,1 and dn,k with k > 1 appear.
The latter coefficients are calculable from the renormalisation group and only depend on
lower-order dn,1, β-function coefficients, and those of the mass anomalous dimension.
In order to understand this pattern of higher-order corrections better, we reviewed the
results for the scalar correlator in the large-β0 approximation [10], and derived compact
expressions for the correlators Ψ
′′
(s) and DL(s) in terms of Borel transforms, which directly
give access to the renormalon structure of the respective correlators. While this structure
in the case of Ψ
′′
(s) is analogous to the one of the Adler function, double and single IR
renormalon poles for u ≥ 2, with only a single pole at u = 2, as well as double and single
UV poles for u ≤ −1, for the correlator DL(s) an additional single pole at u = 1 is found.
The origin of this spurious pole, which is suspected to be of UV origin, can be traced back
to the divergent subtraction Ψ(0)/s that is performed in the construction of DL(s). While
the pole at u = 1 is present in the coefficients dn,1, for Ψ
′′
(s) and ImΨ(s) it is cancelled by
corresponding contributions to the dependent coefficients dn,k with k > 1.
Another feature of the scalar correlator that becomes apparent from the large-β0
approximation is the appearance of a regular contribution that is related to the renor-
malisation of the global mass factor m2. By rewriting this prefactor in terms of the
renormalisation-group invariant quark mass m̂, one is left with the logarithmic term in
eq. (3.16), which depends on the leading-order RG coefficients β1 and γ
(1)
m , as well as the
renormalisation scheme of the coupling in the prefactor. Expressing this prefactor in terms
of the coupling α̂s of eq. (3.15), which can be considered an invariant coupling in large-β0,
the regular logarithmic contribution is resummed. Improvements in the behaviour of the
perturbative series were also discussed in section 3, and it was concluded that this is in
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part due to shifting the contribution of UV renormalon poles, in particular the lowest-lying
one at u = −1, to lower orders. Generally, however, it has to be acknowledged that for the
scalar correlator the large-β0 limit does not provide a satisfactory representation of the full
QCD case.
In order to mimic as much as possible the large-β0 case, in section 4, we attempted to
define a scheme-invariant coupling also for full QCD. Whereas it appears to be impossible to
do this in a universal way, that is, independent of any observable, in eq. (4.6) we presented
the definition of a coupling α̂s whose running is renormalisation-group invariant in the
sense that it only depends on the invariant coefficients β1 and β2, and is given by the
simple β-function of eq. (4.9). The scheme dependence of α̂s is then parametrised by a
single parameter C which corresponds to transformations of the QCD scale parameter Λ.
Phenomenological applications of re-expressing the perturbative series of Ψ
′′
(s) at the
τ -mass scale, and ImΨ(s) at MH , in terms of α̂s, were investigated in section 5. To this
end, we considered two cases: a first, in which only the αs-prefactor, originating from the
quark mass, is rewritten in α̂s, and the remaining series is kept in the MS scheme, and a
second case, in which the whole series is expressed in terms of the coupling α̂s. Generally, it
can be concluded that appropriate choices of C allow for an improvement of the behaviour
of the perturbative series for the first few known orders. This is, however, achieved at the
expense of an increase in the value of the coupling, either only in the prefactor, or also in
the remaining expansion terms, which leads to an increased sensitivity to αs and also its
uncertainty.
In an era in which just recently the error on the PDG average of the strong cou-
pling [24] has increased by more than a factor of two, in view of an earlier analysis of αs
determinations from lattice QCD by the FLAG collaboration [28], we find that in all con-
sidered cases the uncertainty of our perturbative predictions is dominated by the error on
αs. Therefore, in the investigated examples, currently, improvements in the perturbative
series appear to be a secondary issue. Still, when our knowledge on the value of αs at
some point returns to a precision comparable to previous estimates, the uncertainty due to
higher-order corrections becomes of a similar size, and optimising the series by appropriate
scheme choices through variation of the parameters C should allow for refined perturbative
predictions.
On the other hand, the increased sensitivity on αs for certain ranges of C can also be
taken as a virtue if one aims at determinations of αs, for example from hadronic τ decay
spectra along the lines of refs. [16, 25–27], as this could result in reduced equivalent uncer-
tainties in the MS coupling. A preliminary assessment of such an approach is performed
in ref. [29], for the perturbative expansion of the Adler function and the total τ hadronic
width, before we embark on a full-fledged analysis of the decay spectra. In this respect,
also analysing models for the Borel transform in the coupling α̂s, along the lines of ref. [16],
could provide additional helpful insights.
Since a substantial part of the improvements results from rewriting global prefactors
of αs, investigating other observables which include such factors and suffer from large
perturbative corrections could be rather promising. These factors may either be explicitly
present, like for example in gluonium correlation functions which carry a global factor α2s,
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or may emerge from quark-mass factors, similarly to the scalar correlator, as in the case
of the total semi-leptonic B-meson decay rate which is proportional to m5b . It is to be
expected that also in these applications the perturbative expansion could be improvable
by adequate scheme choices for the coupling α̂s.
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A Renormalisation group functions and dependent coefficients
In our notation, the QCD β-function and mass anomalous dimension are defined as:
− µ da
dµ
≡ β(a) = β1 a2 + β2 a3 + β3 a4 + β4 a5 + . . . , (A.1)
− µ
m
dm
dµ
≡ γm(a) = γ(1)m a+ γ(2)m a2 + γ(3)m a3 + γ(4)m a4 + . . . . (A.2)
It is assumed that we work in a mass-independent renormalisation scheme and in this study
throughout the modified minimal subtraction scheme MS is used. To make the presenta-
tion self-contained, below the known coefficients of the β-function and mass anomalous
dimension in the given conventions shall be provided. Numerically, for Nc = 3 the first
four coefficients of the β-function are given by [30–33]
β1 =
11
2 − 13 Nf , β2 = 514 − 1912 Nf , β3 = 285764 − 5033576 Nf + 3251728 N2f ,
β4 =
149753
768 +
891
32 ζ3 −
(
1078361
20736 +
1627
864 ζ3
)
Nf +
(
50065
20736 +
809
1296 ζ3
)
N2f +
1093
93312 N
3
f ,
β5 =
8157455
8192 +
621885
1024 ζ3 − 882091024 ζ4 − 144045256 ζ5
− (336460813995328 + 120279110368 ζ3 − 339353072 ζ4 − 135899513824 ζ5)Nf
+
(
25960913
995328 +
698531
41472 ζ3 − 52632304 ζ4 − 5965648 ζ5
)
N2f
− ( 6305592985984 + 2436162208 ζ3 − 8096912 ζ4 − 1151152 ζ5)N3f + ( 12051492992 − 195184 ζ3) N4f , (A.3)
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and the first five for γm(a) are found to be [34, 35]
γ(1)m = 2 , γ
(2)
m =
101
12 − 518 Nf , γ(3)m = 124932 −
(
277
108 +
5
3 ζ3
)
Nf − 35648 N2f ,
γ(4)m =
4603055
20736 +
1060
27 ζ3 − 2754 ζ5 −
(
91723
3456 +
2137
72 ζ3 − 558 ζ4 − 57536 ζ5
)
Nf
+
(
2621
15552 +
25
36 ζ3 − 512 ζ4
)
N2f −
(
83
7776 − 154 ζ3
)
N3f .
γ(5)m =
99512327
82944 +
23201233
62208 ζ3 +
3025
16 ζ
2
3 − 3490632304 ζ4 − 2896964515552 ζ5 + 1512532 ζ6 + 2579532 ζ7
− (150736283746496 + 3918131296 ζ3 + 2365144 ζ23 − 10193716912 ζ4 − 1246904531104 ζ5 + 39875288 ζ6 + 56875432 ζ7)Nf
+
(
660371
186624 +
251353
15552 ζ3 +
725
216 ζ
2
3 − 415753456 ζ4 − 330055184 ζ5 + 2875432 ζ6
)
N2f
+
(
91865
746496 +
803
2592 ζ3 +
7
72 ζ4 − 1027 ζ5
)
N3f −
(
65
31104 +
5
1944 ζ3 − 1216 ζ4
)
N4f . (A.4)
The dependent perturbative coefficients dn,k with k > 1 can be expressed in terms
of the independent coefficients dn,1, and coefficients of the QCD β-function and mass
anomalous dimension. In particular, the coefficients dn,2, which are required in eq. (2.10),
take the form
dn,2 = − 1
2
γ(n)m d0,1 −
1
4
n−1∑
k=1
(
2γ(n−k)m + k βn−k
)
dk,1 . (A.5)
Explicitly, at Nc = 3 and up to the fourth order, they read:
d1,2 = − 1 , d2,2 = − 533 + 1118 Nf ,
d3,2 = − 49349144 + 5858 ζ3 +
(
11651
432 − 5912ζ3
)
Nf −
(
275
648 − 19ζ3
)
N2f ,
d4,2 = − 495736156912 + 535759192 ζ3 − 3011596 ζ5 +
(
56935973
62208 − 243511864 ζ3 + 56ζ4 + 111548 ζ5
)
Nf
− (6209245186624 − 25027 ζ3 + 2536ζ5)N2f + ( 9852916 − 554ζ3)N3f . (A.6)
B The coefficients D(1)n and H(1)n
Here, we provide the coefficients D(1)n and H(1)n , required to predict the perturbative coef-
ficients dn,1 in the large-β0 approximation up to fifth order.
D(1)1 = − 1 , D(1)2 = − 223 , D
(1)
3 = − 2756 + 12 ζ3 , D
(1)
4 = − 788027 + 80 ζ3 ,
D(1)5 = − 324385162 + 10003 ζ3 + 600 ζ5 , D
(1)
6 = − 122435581 + 100009 ζ3 + 6000 ζ5 . (B.1)
H
(1)
2 =
51
2 , H
(1)
3 = − 5858 + 18 ζ3 , H
(1)
4 =
15511
72 − 54 ζ3 ,
H
(1)
5 = − 520771576 + 5854 ζ3 + 274 ζ4 + 270 ζ5 ,
H
(1)
6 =
19577503
4320 − 20216 ζ3 − 92 ζ4 − 89465 ζ5 . (B.2)
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C The subtraction constant Ψ(0)
In order to understand the structure of the subtraction constant Ψ(0), examining the lowest
perturbative order is sufficient. For definiteness, we consider the case of the current (2.2)
that plays a role in hadronic τ decays. Ψ(0) receives contributions from the normal-ordered
quark condensate and a perturbative term proportional to m4. At lowest order it reads:
Ψ(0) = − (mu −ms)
[ 〈Ω| : u¯u : |Ω〉 − 〈Ω| : s¯s : |Ω〉 ]
+ 4iNc (mu −ms)
[
muImu −msIms
]
, (C.1)
where Im is the UV divergent massive scalar vacuum-bubble integral
Im ≡ µ2ε
∫
dDk
(2pi)D
1
(k2 −m2 + i0) =
i
(4pi)2
m2
{
1
εˆ
− ln m
2
µ2
+ 1 +O(ε)
}
. (C.2)
The explicit expression for Im has been provided in dimensional regularisation with D =
4− 2ε and 1/εˆ ≡ 1/ε− γE + ln(4pi), but the particular regularisation scheme is inessential
for our argument.
Precisely the same massive scalar vacuum-bubble contribution as in the second line
of eq. (C.1) also arises when rewriting the normal-ordered condensates in terms of non-
normal-ordered minimally subtracted quark condensates [36, 37]. Therefore, Ψ(0) can also
be expressed as
Ψ(0) = − (mu −ms)
[ 〈Ω|u¯u|Ω〉 − 〈Ω|s¯s|Ω〉 ] , (C.3)
which absorbs the mass logarithms in the definition of the quark condensate. Due to a Ward
identity, the condensate contribution in Ψ(0) does not receive higher-order corrections, and
at least at next-to-leading order, it has been checked that the perturbative term matches
the vacuum-bubble structure that arises when rewriting 〈Ω| : q¯q : |Ω〉 in terms of 〈Ω|q¯q|Ω〉
[38]. It is expected that this behaviour, and hence also the form of eq. (C.3), should remain
the same to all orders. As an aside, it may be remarked that for the pseudoscalar channel
the combination (C.3) with flavour sums of quark masses as well as condensates is precisely
what appears in the Gell-Mann-Oakes-Renner relation [39, 40].
As we have seen, the subtraction constant Ψ(0) suffers from a UV divergence originat-
ing from the perturbative quark-mass correction in eq. (C.1). Even though this contribution
can be absorbed in the definition of the quark condensate by rewriting normal-ordered in
terms of non-normal-ordered condensates, because of the subtraction of Ψ(0)/s, the UV
divergence reflects itself in the spurious renormalon at u = 1 in the correlation function
DL(Q2) of eq. (3.21).
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